Gravity in Randall- Sundrum two D-brane model 
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We analyse Randall- Sundrum two D-brane model by linear perturbation and then consider the 
linearised gravity on the D-brane. The qualitative contribution from the Kaluza-Klein modes of 
gauge fields to the coupling to the gravity on the brane will be addressed. As a consequence, the 
gauge fields localised on the brane are shown not to contribute to the gravity on the brane at large 
distances. Although the coupling between gauge fields and gravity appears in the next order, the 
ordinary coupling cannot be realised. 

PACS numbers: 98.80.Cq 04.50.+h 11.25.Wx 



I. INTRODUCTION 

Recently the model construction of the inflation us- 
ing D-brane has been initiated JJ in braneworld context. 
See Refs. 0,0)01 for other related issues. However, the 
self-gravity of D-brane, which would be essential in con- 
sidering D-brane cosmology, was not seriously considered 
there. On the other hand, Randall-Sundrum(RS) 0, 0| 
type model based on D-brane action has been considered 
in Refs. 0) IS IS 01- In these papers, the bulk spacetime 
is described by type IIB supergravity compactified on 
[l^ and the brane action is the Born-fnfeld plus Chern- 
Simons action. Then the long wave approximation 
was employed to discuss the low energy effective theory 
on the D-brane. Although the gauge field was assumed 
to be localised on the brane, the gravity on the D-brane 
was shown not to couple to it. 

In this paper we will reexamine the gravity on the 
branes by investigating the linear perturbation. So far, 
in the previous series of paper on RS D-braneworld 
0, S IS Us I the gradient expansion (long wave approxi- 
mation) has been employed to derive the effective theory 
on the brane. Furthermore, the form fields B2 and C2 
are assumed to be closed, that is, dB2 = dC2 = 0, for 
simplicity. However, such assumption kills the transverse 
tensor part of the form fields. In this paper, on the other 
hand, we will not impose such an assumption. Then we 
derive the linearised gravity on the D-branes. Our linear 
perturbation analysis follows Refs. 0,0,0, As 
seen below, the contribution from the zero mode of gauge 
fields does not have the usual form and is negligible at 
large distances. This is consistent with the result from 
long wave approximation discussed in the previous paper 
[lOj and the appendix of this paper. 

The rest of this paper is organised as follows. In Sec. 
II, we describe the model which we consider here. In 
Sec. HI, we formulate the ADM formalism for the cur- 
rent model. In Sec. IV, the linear perturbation analysis 
will be done and then derive the linearised gravitational 
equation on the brane. The contributions from massive 
modes of the form fields are also considered. Finally we 
will give summary and discussion in Sec. V. In the ap- 



pendix, for a comparison with the result obtained in lin- 
ear perturbation analysis, we rederive the gravitational 
equation on the brane using the gradient expansion with- 
out assumption of dB2 = dC2 = 0. 



II. MODEL 

We consider the Randall-Sundrum model in type IIB 
supergravity compactified on . The brane is described 
by Born-Infeld and Chern-Simons actions. So we begin 
with the following action 



S = 



1 



d^'x 




, c.(+) 
' '-'brane ^ 



^CS 



'^branc '^CS ' 



(1) 



where Hmnk = ^^[ji/Sjvif] i Pmnk 
GKiK2K3KiK5 = j\d[KiDK2K3KiKs], F F + xH and 
G = G + C AH. M, TV, if = 0, 1, 2, 3, 4. Bmn and Cmn 
are 2-form fields, and DK1K2K3K4 is a 4-form field, x 
is a scalar field. Gmn is the metric of five dimensional 
spacetime. 

'^branc givcn by Born-Infeld action 



brane 



-det(/i + J^(- 



(2) 



(3) 



where h^i, and g^j, are the induced metric on the D±- 
brane and 



CaL = 7(-) / d*xy^-det(g + .F(-)), 



(4) 



Ff_ii, is the U{1) gauge field on the brane. Here il,v = 
0, 1, 2, 3 and 7(^-1 are D±-brane tension. 
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^Qg^ is Chern-Simons action 



shV = 7(+) / d^xV^e^'^P'^ 



flV pa 



24 '''^'"^ 



= 7(-) / d^x^qe^^P^ 



(5) 



^■^ /ii/ ^ pa I g-' fiv po 



24 '"''"^ 
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Here the brane charges are set equal to the brane ten- 
sions. Therefore, our model contains BPS state of D- 
branes. 



III. BASIC EQUATIONS 

In this section we write down the basic equations 
and boundary conditions. Let us perform (1+4)- 
decomposition 

ds^ - GMNdx^^dx^ = e^-^^^'^^dy^ + g ^^{y , x)dx>' dx" 

where y is the coordinate orthogonal to the brane. 
brane and I?_-brane are supposed to locate at y = y^^^ = 
and y = y^'^ = y^. 

The spacelike "evolutional" equations to the y- 
direction are 



e-^d.,K = _ «2 [ (5)j.p _ ^(5)j,M ] _ ^ 



(8) 



e-'^dyKi: = (4)^;; ~k'^( ^^^ti; - 1,5^(5)^.^^ _ 



^ Jtracclcssi 



(9) 



d^X + D\ + e'^KdyX ~ iHy^ppy^" = 0, (10) 



+ IPy^pGy"!"^'' = 0, 



(11) 



- ^Hy^pCy^^'"' = 0, (12) 



(13) 



where X*""' := H^^^'^ +xF^^^ and the energy- momentum 
tensor is 
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HmklHn^^ — gMN\H\ 



FmklF]^^ — gMN\F\ 



^MKiK2K3Ki'~' N 



(14) 



Kf^„ is the extrinsic curvature, = |e "^dygfj,^. 
and ^'^^R^ are the traceless parts of Kf^ and ^"^^R^, respec- 
tively. Here is the covariant derivative with respect 
to g^^. 

The constraints on y ~ const, hypersurfaces are 



(^^r-Ik' + ki^k; 



«2 ^''>Tyye~'t (15) 



(16) 



D„(e'^X«"^) + -e^F„,„,„3G'y"i°=^°-^'' = 0, (17) 



DJe^py^n - -e'^Fc«ia2a,G^"'"'"''' = 0, (18) 
6 



u yc '~'yap,ip2fJ.3 J ^ ^- 



(19) 



Under Z2-symmetry, the junction conditions at the 
brane located y — y'^' are 



Hy,,,{y^^\x) = T^\±)e*T(^i\ 



Fy,M^\x) = Ty7(±)e^e;..a/3.F^^^"^ 
In the above 



(21) 
(22) 
(23) 
(24) 

(25) 



From the junction condition for Xi we can omit the con- 
tribution of X to the gravitational equation on the brane 
in the approximations which we will employ. Moreover, 
we omit the quadratic term in Eq. (|20|l . 
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IV. LINEARISED GRAVITY 

A. Background 

The background bulk spacetime is five dimensional 
anti-deSitter spacetime and its metric is given by 



(26) 



where 



and 



^ 1 2 ^2 ^2 /-o'7^ 



2A+— 7^ = 0. 





(28) 



£ is the curvature radius of anti-deSitter spacetimes. Eqs. 
(|27|l and (|28|l represent the Randall-Sundrum tuning and 
then the tension 7(_|_) and "f(-) have the same magnitude 
with opposite signature, 7(+) < and 7(_) > 0. 
In addition, 



C — _ 4 2 

^yaiCK2CK3a4 CI K 7^ttiti2fi3CK4 



(29) 



where eaiQ;2a3a4 is the Levi-Civita tensor with respect to 
the induced metric h^i, on the brane. Other form fields 
vanish in this order. 



using the gauge transformations Bmn B'j^jn ~ 
Bmn + Qm dy'ByN{y',x) - Jq dy' ByM{y' , x) and 
Ca4n ^'mn — ^MN + i9m Jo dy'CyM{y\x) — 

On dy'CyM{y',x). Then 

By^v ~ dyBfj,^ and Fyi^^, = dyC^i/. (35) 

B^v and *C^i, are decomposed to 

B^.u = SjJ + d^Bl - d,Bl, (36) 

and 

= *cjj + a/cj~a/cf), (37) 

where S^BjJ = 9''*CjJ = = a^Cj = 0. 

In momentum space, the field equations are 

dHT^ - a-'k'B(rj)^^ + = 0, (38) 



r.2*n{m)TT , n(m)TT _ q 



y ^fj. 



(39) 



(40) 



and 



B. Linear perturbation 

First we consider the linear perturbation for the evo- 
lutional equation of B^^ and C^^,. In linear order Eqs. 
(fTT)l and ifT^ become 

dyHy^, + a-^d^H% + jFy^pe^f = 0, (30) 



and 



dyFyf^i, + a ^daF"^^^ — -Hyape^"^ — 0, (31) 



where F^, = j^'^PFp^,. 

The constraint equations (|17|) and (|18|l are rewritten 

as 



and 



H^ua — —Q^p^iia^d'^Fypfj. 



(32) 



(33) 



Here note that we can impose the following gauge con- 
ditions 



Byfj. — C^yi-L — 0, 



(34) 



Q2*Cjr^T _ ^-2^2*^(™)T ^ ^ 0. (41) 



The constraint equations become 



and 



n(m)TT , * a * n{m)TT _ q 



(42) 



(43) 



which are consistent with Eqs. (|39|l and 1)40(1 . 
Using of Eq. Eq. (|2HIl becomes 

9,^4™)^^ - - f 4"^^^ = 0- (44) 

In the same way, Eq. H39|l with Eq. (|43|1 give us 

Q2*Cjr^T _ ^-2^2*^(m)T _ ^* cjr)T ^ Q. (45) 

The junction conditions are 
9,BjJ(y(±),x) = -5/CjJ(y(±),x) = -«^7BWtt^46) 
and 

9,i?J(y(±),x) = -5,*Cj(y(±),x) = -«:^4^)^. (47) 
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In the above J-jit^ is decomposed to 



(48) 



where Aj^ := + and F^^ = d^ A^ - d^A^j 
Next we focus on the perturbed metric 



(1 + 2(t))dy'^ + (7^^ + h^^)dx''dx'' 



= (1 + 2cj,)dy^ + {a^r^^, + hFJ ~ 7^,^)da:^d<49) 
where /i^J is transverse-traceless part of h^v Since the 



bulk background spacetime is anti-deSitter spacetime, 
the Green function is exactly the same with that of the 
Randall- Sundrum model. The difference is just presence 
of the bulk form fields. Therefore we follow the argu- 
ment of Ref. 0, and then the perturbation hf^^ in 
the Gaussian normal coordinate can be computed as 



(50) 



where £,^{x) is a brane-bending mode (radion field) and 



/iJJ(2/,x) = -2^" j d^x'GR{y,x-Q,x'MY.^+\x') + 2n' / d^x' GR{y,x-yo,x'MY.^-,\x') 
-2^2 / dy'd^x'GR{y,x-y' ,x')5^''^T^,{y' ,x'), 



where 



(51) 



(52) 



The first and second terms in the right-hand side of Eq. H51|l come from the and _D_ brane, respectively. The 
third one is the contribution from the bulk fields. In the above iJ^^-'T^jy is the projected bulk stress tensor in the linear 
order. Gr is the five dimensional retarded Green function 



Gfl(y, X] y', x') = G^^ {y, x; y', a;') -t- G''^'^' {y, x; y', x'), 



(KK), 



where 



and 



GR\y,x;y',x') = - 



Gf''\y,x;y',x') = - 



(2^ 



d'^k 



^ik-{x—x') 



^(1 - al) + leY ' 



Urn {y)um{y') 



(53) 



(54) 



(55) 



is the truncated retarded Green function for zero where 
mode. Ujniy) are the mode functions which are ex- 
pressed by Bessel functions, Um{y) oc Ji{mi)N2{mz) — 
Ni{m£)J2{m.z). 

In the present model, the equation for becomes 



d'iHx)^^TM^O, 



(56) 



that is, the radion is a massless scalar field. 

The equation for tp comes from the Hamiltonian con- 
straint equation: 



2 " 



(57) 



^Y^{H,^pH^^^ + F,^pF^^^). (58) 



The relation between cj) and -0 comes from the trace- 
less part of (/i, z^)-component of five dimensional Einstein 
equation 



V' - <^ ~ k2(i/52)2^M5^[^(5)2^^^- 



traceless ■ 



(59) 
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C. Zero- mode truncation 

In order to see the low energy effective (gravitational) 
theory on the D-brane, we will truncate zero-mode care- 
fully. Let us focus on the zero mode for B^^^, and C^i^. 
Introducing new variables 

vI/W:=4"J±*C(°), (60) 

we obtain two linearly independent equations 

9,2fW±^a,*W^0. (61) 

The junction conditions are written by 

dy¥+\i^\x)^0, (62) 

a,vI,W(y(±),^)^_2^2^^(±). (63) 

First it is easy to see that the solutions to the equations 
for gauge fields are 

^l+\y,x)^a^.{x), (64) 

I 



and 

^i-Jiy,^) = -^a-'{y)J^^+\x)+(3^4x), (65) 

using the junction condition at y = 0. ap,y(x) and /3^jy(a;) 
are constant of integrations which is not arisen in Hy^i, 
and Fyf^,^: 

KMv,^) = dyBj^J{y,x) = ~^^ja-'{y):F(+\ (66) 
F^^lUy,^) = dyCj^Jiy,x) = -^a-6(y)6^,,"^.F^) 

The remaining junction condition then implies the re- 
lation between gauge fields on the two branes 

a'o^j^.^ ^ ^lt\ (68) 

and 

We also can compute the bulk stress tensor as 



where H^^^p = r]°''^ri'^'^r]P'^ Hf^^a^. From Eq. (|^ with Eqs. (|^ and {TDJ we finally obtain the following linearised 

equation on branes 



d^h^,{y,x) = a2/^jj-7^,aV 



^(1-ag) 



^(1 " «^) ^0 



yo ^ 
^4 



yo ^ 
^4 



Hp,al3HJ^^ + Ffj,af3F^,°'^ 



tracclcss 



tracclcss 



(0) 



(0) 



r 



(71) 



that is, d'^hpv{x) = 0{H'^^^) = 0{{dfj,Ti,aY). The gauge stress tensor. In the above (• • •)^°) represents the zero 
fields localised on the branes does not appear as usual. 
The appropriate contribution from the boundary stress 
tensor is exactly cancelled out by that from the bulk 
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mode part. For example, ((5(^^r^)(°^ is 

(^(5)yy)(0) ^ __L(^^^^^M«/3 + F^^pF^^^P). (72) 



We can also consider the cases without ,^2-symmetry. For 
example, a model considered in Ref. does not have Z2- 
symmetry. So the careful study of the self-gravitational 
effect for such a mode will be important. 



D. Massive modes of form fields 



The mode functions for B^™'"^"^ etc. satisfying the 
junction condition at y — y^^^ = is 

where 
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and 



am = miNsimi) - 6Ne{m£), 



Pm — mtJ^imt) — 6Je{m£). 



(74) 



(75) 



m should be quantised by the junction condition at y = 

y(-) = yQ. For m£ ^ 1 and m£e^' '/^ ^ 1, we obtain 



the mass spectrum of 



£{l ~ evol'^y 



(76) 



After determination of correct normalisation, for 7n£ <^ 
1, we can evaluate the contribution from massive modes 
to the right-hand side of Eq. (|FTT) as 



1 fro 



£2 



1 



where is spatial scale of support of form field. Thus 
even if we consider the contribution from the massive 
modes, they will be negligible at low energy scale. 



APPENDIX A: LONG- WAVE APPROXIMATION 

In this appendix, we approximately solve the bulk field 
equations by long wave approximation (gradient expan- 
sion 1^) and derive the effective theory on the brane. 
The equation obtained here will include the non-linear 
effect. Thus we can obtain the same result with one 
obtained in Sec. IV if we linearise the equation. This 
appendix can be regarded as the extension of previous 
work into the general cases where we do not impose 
dC2 = dB2 = 0. 

In the case with bulk fields we must carefully use the 
geometrical projection method 0| because the projected 
Weyl tensor E^i, contains the leading effect from the bulk 
fields. 

The bulk metric is written again as. 



dy"^ + gfi„{y,x)dx^dx'' . 



(Al) 



The induced metric on the brane will be denoted by 



h^_iu ■= 5^1/(0,2;) and then 



V. SUMMARY AND DISCUSSION 

In this paper we derived the linearised gravitational 
equation on the D-brane and then it turned out that the 
gauge fields do not couple to the gravity on the brane at 
zero modes in a usual way. Instead, an unusual couplings 
appear and it is negligible at large distances. We also 
discussed the contribution from the Kaluza-Klein modes 
which was shown to be also negligible at large distances. 

The model which we considered is minimum extension 
of Randall-Sundrum type model to the supergravity-like 
one. Therein Z2 symmetry and RS tuning are assumed. 
In this model, RS timing corresponds to the condition of 
equality of brane tension and charge. It is likely that D- 
brane in BPS state does not provide us the realistic model 
for the braneworld. As analysed in Ref. , on the other 
hand, it was shown that the coupling of the gravity to the 
gauge fields will appears and the coupling constant is pro- 
portional to the cosmological constant. Therefore non- 
BPS state will be important for braneworld cosmology. 



gfii^iy, x) = a^{y, x) h^^{x)+ 9 {y, x) + 



(A2) 



In the above 5 (0, x) — and a(0, x) = 1. In a similar 
way, the extrinsic curvature is expanded as 



(0) 



(1) 



(2) 



(A3) 



The small parameter is e = {£/L)'^ <C 1, where L and I 
are the curvature scale on the brane and the bulk anti- 
deSitter curvature scale, respectively. 

It is easy to obtain the zeroth order solutions. Without 
derivation they are given by the Randall-Sundrum set up; 
Eqs.||22I) and Then 



(0) 1 

£ 



(A4) 



(0) 

5, 



a^{y,x)h^^{x) 



■V(a;), (A5) 
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where 



and 



Jo 



(A6) 



Gyaia2a3a4 IS also given by Ea. lf^ . 

Next we consider the first order equations. The first 
order equations for i^y^i/ and ffy^i/ are 

1 (1) 



and 



Ci) 1 

dy Hy^. Fy^p Gyp^^.^h'^PhP'' = 0. (A8) 

Together with the junction conditions on D+-brane the 
solutions are given by 



^VdV^e'^ - d'^VdV^e''' . (A17) 



R^{h) — h^°' Rav{h) is the Ricci tensor with respect to 
The solution is summarised as 



K>i {y,x) 



V^'V^d - jVdV^d 



traceless 

(A18) 



(A9) 



and 



(1) 



Fy^., {y,x) = ^^ja-'e'^e^,p,Ti+h'"'h''^ (AlO) 



The remaining junction conditions on D_-brane imply 

(All) 



the relation between Tj^t^ and J-'l^'' as 



■p(-) - n-("fi + ) 



and then 



where is the "integration of constant" . 

The solution to the trace part of the extrinsic curvature 

is 



(1) 



K{y,x) - ^ir^^^^m 
1 , 1 



^-V'd+—{Vd) 



(A19) 



On the _D+-brane Eqs HA18|I and (|A19I) becomes 
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(A20) 



and 



(A12) 



(1) 



where ao = a{yo,x) = e ^o(^)/^ and do{x) := d{yo,x). 

Let us first substitute the junction conditions for Hy^^, 
and Fyfj^i, on the brane into the constraint equations 
of Eqs. ((ni) and (dHJ. Then we see 

2?'' (^:Fj+J - lep^o.pC'^^^ = 0, (A13) 

gM-/3p^(^(+)_5^^)=0, (A14) 

where is the covariant derivative with respect to /i^^. 

Using these results the evolutional equation for the 
traceless part of the extrinsic curvature is 

<i) (0) 

-e-^li^^Z^.e^ltracelcss, (Al5) 

where 



O^K (0,x) 

6 



(A21) 



They correspond to the Einstein equation on the brane 
obtained in Ref. and x'i is projected Weyl tensor 

Ep^. For the moment, Xui^) is unknown term. 
On Z3_-brane, Eq. (jAlSp becomes 



V^V.do - -V^doV.do 



and 



jV^do 



{-Ddo 



traceless 

(A22) 
(A23) 



All together we obtain the Einstein equation on L)+ 
brane 



1 



R^{h) + jVf'V^d + ^V^dV^d 



(A,16) 

traeeless 



'Di_,'D,ydo - -Vf^doV^do 



(A24) 

traeeless 
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The equation for radion becomes 



and 



V^do-jiVdof = 0. 



Defining 



2*-l' 

we rewrite down the Einstein equation as 
1 



.T) T) Vl/ J T) \\fT> \\f 



(A25) 



(A26) 



(A27) 



1 duj 

2uj + SM 



{V'^f = 0. 



(A28) 



Thus the contribution from the gauge fields to gravity on 
the brane does not exist at low energy scale. 
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